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8.6 WIENER PROCESS



Wieneri8 %8

DEFINITION 8.4  The stochastic process {W(t) : t € [0,00)} s a
Wiener process (standard Brownian motion) if W (t) depends continuously
ont, W(t) € (—o0,0), and the following three conditions hold:

(1) For 0 <t; <ty <oo, W(ty) —W(t1) is normally distributed with mean
zero and variance to — tq; that is, W(te) — W(t1) ~ N(0,t2 — t1).

(2) For 0 <ty <t <ts < o0, the increments W (ty) — W (to) and W(ts) —
W(ty) are independent.

(2] Prob{W(0) =0} = 1.
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ZAW ~ N(0,1),

1=0
At; = tip1 —1;

AW (t;) = W(tix1) — W(t:)

« W(t)DIBERED sqrt(t) THHAD T

Prob{ tim | 71| <0} —1.
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8.7 ITO STOCHASTIC INTEGRAL
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Definition 8.5
o f(t) IZ55 LEAEK fX(1),t)
« W) (XD 4—F—18%F
a=1t <tg <- - <t <tpp1=0>

AW (t;) = W(tiz1) — W(t;)

ltof& 7 AHAMNFIE)—T 2 ATFAILFTRESD

b k
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/ FOW () = Limgoe Y [f (t:) +2f (t@“)] AW (£;)




Definition 8.5
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Theorem 8.1

« BFE DRiemanntgE 7 TRARITHYILDEHE
MItofE 5 THRKIL
— f(t)&g(t)I&random function
—a,a,b,clEdTETEH a <c<b

b b
i) [ af®dwn =a [ raawe
b b b
(i) / (F(8) + g(t)) dW () = / F(6) AW (2) + / g(t) dW (1)

b c b
i) [ @) awe) = [ s aw o+ | roawo.
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Theorem 8.2
[to isometry property

[ b
(i) B / (1) dW(t)} — 0 and

.
( / £(t) dW(t))

(ii) E

= .

b
- / E(f2(t)) dt.

R D5 & LA H

E / bch(t) = cE[W(b) — W(a)] =0

T )
E (/ ch(t)) } = c’E [(W(b) — W(a))?] = *(b— a)
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( / f(t)dW(t)> = / E(f(t)) dt.
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Example 8.4

Example 8.4. The following It6 stochastic integral will be shown to be equal

to

1

/0 W(r)dW(r) = 3 [(W2(¢t) —t] . (8.21)

AW?) = Wiy - W,
= (Wip1 — W) + 2W;(Wiyy — W3)
(AW;)? + 2W; AW,

B
k 1 k
Z =y Z — (AW;)*
I, L= ’
= s Wiy — 5 Z(AWZ-) ...(a)
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t
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Example 8.6

Example 8.6. From the It6 isometry property in Theorem 8.2, it follows

that
b . b b 1
E (/ W(t)dW(t)) :/ E(WQ(t))dtzf tdtzg(bz—az).

o FDEZRIIL Ito isometry propertykl) B BH
e FISSDXZTHWTHETETES

518.5M =

5
/ W (t) dW (£) = % W2(5) — W(a)] - %[b .




Example 8.6

[(/ W (t) dW (¢ )] E[(W2(b)—W2(a)—(b—a))2]

- LB [WA) - 2W2()W?(a) + W*(a)]

)
— E[2(W?(b) — W?(a))(b~a) - (b~ a)’]}
- % [362 - 2E(W2(b)W2( ) + 302
—2(b—a)® + (

a)’]
i [2b° + 2a° + 2ab — 2E(W?(b)W?(a))] ,

E[W (a)*W (b)] # E[W (a)*] E[W (b)?]
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N
W(a)*W(b)* = [W(b)* — W(a)’] W(a)* + W(a)*
\

b
W(b)? — W(a)* =2 f W (t)dW (t) + (b — a)

BRI TIFAFLN BI8.5D=. KR (b-a) D HKTE

E[W(b)*W (a)?] = (b - a)a —|—203a2




